Soft set theory, proposed by Molodtsov, has been regarded as an effective mathematical tool to deal with uncertainties. In this paper, the notion of soft relation is introduced which is a generalization of the notion of soft set relation, and some related properties are examined. Furthermore, the connections between soft relations and fuzzy sets are analyzed. It is shown that fuzzy relation and fuzzy soft set may be considered as special cases of soft relation.
Introduction
To solve complicated problems in economics, engineering, environmental science and social science, methods in classical mathematics are not always successful because of various types of uncertainties present in these problems. While probability theory, fuzzy set theory 1 , rough set theory 2, 3 , and other mathematical tools are well-known and often useful approaches to describe uncertainty, each of these theories has its inherent difficulties as pointed out in 4, 5 . Consequently, Molodtsov 4 proposed a completely new approach for modeling vagueness and uncertainty in 1999. This approach called soft set theory is free from the difficulties affecting existing methods.
There is a growing interest in soft set theory. Maji et al. 6 defined several operations on soft sets and made a theoretical study on the theory of soft sets. Based on 6 , Ali et al. 7 introduced some new operations on soft sets and improved the notion of complement of soft set. They proved that certain De Morgans laws hold in soft set theory with respect to these new operations. The basic properties of operations on soft sets are analyzed systematically by Sezgin et al. 8 . Qin et al. 9 introduced the notion of soft equality and established lattice structures and soft quotient algebras of soft sets. Xiao et al. 10 proposed the notion of the exclusive disjunctive soft set and applied it to attribute reduction of incomplete information system. Gong et al. 11 proposed the concept of the bijective soft set and some of its operations. Furthermore, soft set theory has been applied to several algebraic structures such as groups 12 , semirings 13 , rings 14 , BCK/BCIalgebras 15, 16 , and BL-algebras 17 . Also, the soft sets have been extended to fuzzy soft sets 18, 19 , intuitionistic fuzzy soft sets 20, 21 , interval-valued fuzzy soft sets 22 , vague soft sets 23 , interval-valued intuitionistic fuzzy soft sets 24 . The combination of soft set and rough set has also been extensively investigated 25, 26, 27, 28, 29 .
Recently, Babitha and Sunil 30 proposed the notion of soft set relation and many related concepts such as equivalent soft set relation, partition, composition of soft set relations and soft set functions are discussed. It extends the notions of relations and functions to the framework of soft sets. Also the same authors 31 introduced the notions of antisymmetric relation and transitive closure of a soft set relation. An algorithm is presented for calculating the transitive closure of a soft set relation. Based on 30 , Yang and Guo 32 proposed the notions of antireflexive kernel, symmetric kernel, reflexive closure, and symmetric closure of a soft set relation. In the present paper, we attempt to conduct a further study along this line.
Babitha and Sunil 30 initiated the theoretical aspects of soft sets by extending the notions of relations, equivalence relations, composition of relations and functions to the framework of soft sets. This study presents a preliminary, but potentially interesting research direction. This paper is devoted to a further discussion of soft set relation. The paper is organized as follows: In Section 2, we recall some notions and properties of soft sets and soft set relations. In Section 3, we propose the notion of soft relation which is a generalization of soft set relation presented in 30 . Some related concepts such as inverse soft relation, composition of soft relations and soft functions are introduced with their basic properties being discussed. In Section 4, we point out some interesting connections between soft relations and fuzzy sets. The paper is completed with some concluding remarks.
Overview of soft sets and soft set relations
In this section, we first recall some fundamental notions of soft sets and soft set relations 4, 6, 7, 30 . Then we point out some limitations of the notion of soft set relation presented in 30 .
Let U be the universe set and E the set of all possible parameters under consideration with respect to U. Usually, parameters are attributes, characteristics, or properties of objects in U. Molodtsov 4 defined the notion of a soft set in the following way:
Definition 1 4 A pair (F, A) is called a soft set over U, where A ⊆ E and F is a mapping given by F :
In other words, a soft set over U is a parameterized family of subsets of U. For e ∈ A, F(e) may be considered as the set of e−approximate elements of the soft set (F, A). For illustration, Molodtsov considered several concrete examples of soft sets. Maji et al. 6 made a theoretical study on the theory of soft sets. They introduced and investigated several operations on soft sets. We write (F, A) ⊂(G, B). Definition 3 6 For two soft sets (F, A) and (G, B) over a common universe U, the union of (F, A) and (G, B), denoted by (F, A) ∪(G, B), is the soft set (H,C), where C = A ∪ B, and ∀e ∈ C,
Babitha and Sunil 30 defined the notions of soft set relation and soft set function based on the Cartesian product of soft sets. It extends the notions of equivalence relations, composition of relations and functions to the framework of soft sets. Definition 4 30 Let (F, A) and (G, B) be two soft sets over U, the Cartesian product of (F, A) and (
(2) A soft set relation from (F, A) to (F, A) is referred to as a soft set relation on (F, A).
By this definition, a soft set relation from (F, A) 
it represents the people qualified in various courses.
Define a soft set relation
In this example, by 
Cantor's set theory we know that any subsets of F(a) ×G(b) is a binary relation from F(a) to G(b). It follows that in this case the notion of soft set relation represents an extreme situation (i.e., the whole relation
may lead to a new definition of soft set relation which is consistent with set theory.
Ali et al. 7 note that if (F, A) and (G, B) are two different soft sets, then it is not necessary for these two soft sets have the same approximation subset of U for a particular common parameter say c ∈ A ∩ B, i.e., F(c) G(c) in general. Based on this observation, they introduced some new operations on soft sets.
Definition 6 7 Let (F, A) and (G, B) be two soft sets over a common universe U.
(
1) The extended intersection of (F, A) and (G, B), denoted by (F, A) ε (G, B), is the soft set (H,C),
where C = A ∪ B, and ∀e ∈ C,
(2) The restricted intersection of (F, A) and (G, B), denoted by (F, A) (G, B), is the soft set (H,C), where C = A ∩ B, and ∀e ∈ C, H(e) = F(e) ∩ G(e). (3) The restricted union of (F, A) and (G, B), denoted by (F, A)∪ (G, B), is the soft set (H,C), where C = A ∩ B, and ∀e ∈ C, H(e) = F(e) ∪ G(e).
Based on these operations, Qin et al. 9 established the lattice structures of soft sets.
} is the set of all soft sets over the universe U and the parameter set E.
2) Let be the ordering relation in lattice (S (U, E), ∪, ) and (F, A), (G, B) ∈ S (U, E). (F, A) (G, B) if and only if A ⊆ B and F(e) ⊆ G(e) for all e ∈ A.
This theorem lead to a new definition of soft subset which is different from Definition 2. Definition 7 26, 33 For two soft sets (F, A) and (G, B) over a common universe U, we say that (F, A) is a soft subset of (G, B), denoted by (F, A) ⊆ (G, B) , if A ⊆ B and F(e) ⊆ G(e) for every e ∈ A.
Remark: In this definition, we use the symbol ⊆ to denote soft subset relation to differentiate it from Definition 2. In the next section, we adopt this new definition of soft subset to discuss soft relations and soft functions.
Soft relations and soft functions
In this section, we extend the notions of soft set relation and soft set function presented in 30 and investigate some related concepts. We first extend the notion of Cartesian product to soft sets over different universes.
Definition 8 Let (F, A) be a soft set over the universe U and (G, B) a soft set over the universe V. The Cartesian product of (F, A) and (G, B) is a soft set over U × V and is defined as
Definition 9 Let (F, A) be a soft set over the universe U and (G, B) a soft set over the universe V.
called a soft relation from (F, A) to (G, B). (2) A soft relation from (F, A) to (F, A) is called a soft relation on (F, A).

From this definition, (H,C) is a soft relation from (F, A) to (G, B) if and only if C is a classical binary relation from
Clearly, the notion of soft relation is a generalization of soft set relation given by Definition 5. 
This soft relation represents to some extent some persons' desire for buying houses.
Compositions of soft relations
Definition 10 Let (F, A), (G, B) and (H,C) be three soft sets. Let R = (R, D) be a soft relation from (F, A) to (G, B) and S = (S , K) be a soft relation from (G, B) to (H,C). The composition of R and S, denoted by H(c) is a classical relation from F(a) to H(c) . This implies that S • R is indeed a soft relation from (F, A) to (H,C). Definition 11 Let (F, A) and (G, B) be soft sets and R = (R, D) a soft relation from (F, A) to (G, B) . The inverse soft relation of R is a soft relation from
the inverse relations of D and R(a, b), respectively. Theorem 2 Let (F, A), (G, B), (H,C) be soft sets, R = (R, D) a soft relation from (F, A) to (G, B) and S = (S , K) a soft relation from (G, B) to (H,C). Then
On the other hand,
It follows that E(a, c) = E(c, a) and consequently, L −1 (c, a) = M(c, a). Thus (S
• R) −1 = R −1 • S −1 .
Definition 12 Let R = (R, D) be a soft relation on (F, A). (1) R is called an reflexive soft relation if D is a classical reflexive relation on A and R(a, a) is a classical reflexive relation on F(a) for each a ∈ A. (2) R is called a symmetric soft relation if D is a classical symmetric relation on A and R(a, b)
( (F, A) .
3) R is called a transitive soft relation if D is a classical transitive relation on A and R(b, c) •
R(a, b) ⊆ R(a, c) for each (a, b), (b, c) ∈ D.
Theorem 3 Let R = (R, D) be a soft relation on
(1) R is symmetric if and only if R = R −1 .
(2) R is transitive if and only if R • R ⊆ R. 
L(a, c) = ∪ b∈E(a,c) R(b, c) • R(a, b) ⊆ R(a, c).
It follows that R • R is a soft subset of R, i.e., R • R ⊆ R.
Conversely, assume that R • R ⊆ R.
It follows that D • D ⊆ D and L(a, c) ⊆ R(a, c) for each (a, c) ∈ D • D. By D • D ⊆ D we know that D is transitive. For each (a, b), (b, c) ∈ D, we have b ∈ E(a, c) and hence R(b, c) • R(a, b) ⊆ ∪ e∈E(a,c) R(e, c) • R(a, e) = L(a, c) ⊆ R(a, c).
Thus R is transitive. a 2 , a 3 , a 4 }, B = {b 1 , b 2 }. Consider the soft sets  (F, A) and (G, B) defined by F(a 1 ) = {p 1 , p 2 
Soft functions
Definition 13 Let (F, A) and (G, B) be soft sets over the universe U and V respectively, f = (H,C) a soft relation from (F, A) to (G, B). f is called a soft function if (1)
, H(a,C(a)) is a partial function from F(a) to G(C(a)). The domain of H(a,C(a)) is {x ∈ F(a); ∃y ∈ V((x, y) ∈ H(a,C(a)))} and the range of H(a,C(a)) is {y ∈ G(C(a)); ∃x ∈ U((x, y) ∈ H(a,C(a)))}. If (x, y) ∈ H(a,C(a)), then we write H(a,C(a))(x)
It follows that f is a soft set function in the sense of Definition 5.1 30 . By H(a 1 , b 1 
(2) Let g = (R,C), and
Then g is a soft function from (F, A) to (G, B). Definition 14 Let (F, A) and (G, B) be soft sets over the universe U and V respectively, f = (H,C) a soft function from (F, A) to (G, B).
1) The domain of f , denoted by dom( f ), is defined as the soft set (D, A 1 ), where D(a) is the projection of H(a,C(a)) on U, i.e., D(a) = {x ∈ U; ∃y ∈ V((x, y) ∈ H(a,C(a)))}, for each a
(2) The range of f , denoted by ran( f ), is defined as the soft set (R, B 1 ), where
Clearly, dom( f ) and ran( f ) are soft subsets of (F, A) and (G, B) respectively. Furthermore, follows that L(a, c) = S (b, c) • R(a, b) . Suppose that (x, z 1 ), (x, z 2 ) ∈ L(a, c) . Then there exist y 1 , y 2 such that (x, y 1 ) ∈ R(a, b), (y 1 , z 1 ) ∈ S (b, c) , R(a, b) and (y 2 , z 2 ) ∈ S (b, c) . It follows that y 1 = y 2 and consequently z 1 = z 2 . (F, A) and (G, B) be soft sets over the universe U and V respectively. A soft function
Definition 15 Let
f = (H,C) from (F, A) to (G, B) is called injective (one-one) if (1) C(a 1 ) = C(a 2 ) implies a 1 = a 2 for every a 1 , a 2 ∈ A; (2) H(a, b)(x 1 ) = H(a, b)(x 2 ) implies x 1 = x 2 for every (a, b) ∈ C and x 1 , x 2 ∈ U.
Theorem 5 Let (F, A) and (G, B) be soft sets over the universe U and V respectively, f = (H,C) an injective soft function from (F, A) to (G, B). Then f −1 is a soft function from (G, B) to (F, A).
Proof. By Definition 18,
Since f is injective, we have a 1 = a 2 .
Assume that (b, a) ∈ C −1 and (y, H(a, b) . Since f is injective, we have x 1 = x 2 as required.
Connections between soft relations and fuzzy sets
The theory of fuzzy sets initiated by Zadeh 1 provides an appropriate framework for representing and processing vague concepts by allowing partial memberships. Let U be a nonempty set, called universe. A fuzzy set µ on U is defined by a membership function µ : U → [0, 1]. For x ∈ U, the membership value µ(x) essentially specifies the degree to which x belongs to the fuzzy set µ. We denote by F(U) the set of all fuzzy sets on U.
There are many different definitions for fuzzy set operations. With the min-max system proposed by Zadeh 1 , fuzzy set intersection and union are defined componentwise as follows:
, where µ, ν are fuzzy sets on U and x ∈ U.
Molodtsov 4 pointed out that fuzzy set may be considered as a special case of the soft set. Let µ be a fuzzy set on U. For α ∈ [0, 1], let F(α) = {x ∈ U; µ(x) α} be the α-level set. If we know the family {F(α); α ∈ [0, 1]}, we can calculate µ(x) by means of the for-
, and (α · F(α))(x) = 0 otherwise. This observation is usually summarized by a representation theorem in fuzzy set theory, which establishes a one-to-one correspondence between a fuzzy set and a family of crisp sets satisfying certain conditions. Thus, fuzzy set µ may be considered as the soft set (F, [0, 1]).
Assume that µ, ν are fuzzy sets on the universe U. 
(H,C) is a soft set over the universe U × U. It is trivial that α β implies H(β, β) ⊆ H(α, α). Thus (H,C) may be considered as a fuzzy set ε on the universe U × U given by
In fact, if (x, y) ∈ H(α, α), then µ(x) α, ν(y) α and hence µ(x) ∧ ν(y) α. Consequently, we have ε(x, y) = ∨ (x,y)∈H(α,α) α µ(x) ∧ ν(y).
Conversely, let µ(x) ∧ ν(y) = α 0 . It follows that µ(x) α 0 , ν(y) α 0 and hence (x, y) ∈ H(α 0 , α 0 ).
Thus we have
Let γ be the fuzzy set on U given by γ(x) = ε(x, x) for each x ∈ U. It follows that γ = µ ∩ ν.
In fact, for every x, y ∈ U, let µ(x) = α 0 , ν(y) = β 0 . It follows that (x, y) ∈ H(α 0 , β 0 ) and (x, y) H(α, β) if α α 0 or β β 0 . Consequently, we have
Let γ be the fuzzy set on U given by γ(x) = ε(x, x) for each x ∈ U. It follows that γ = µ ∪ ν.
(3) Let R ∈ F(U × V) be a fuzzy relation from U to V. The projection of R on U and V are denoted by R µ and R ν respectively. R µ is a fuzzy set on U given by R µ (x) = ∨ y∈V R(x, y), ∀x ∈ U, and R ν is a fuzzy set on V given by
are soft sets over U, V and U × V respectively, and for each α ∈ [0, 1],
. That is to say, R is a soft relation from R µ to R ν .
(4) Let S = (F, A) be a fuzzy soft set over U, i.e., F(a) be a fuzzy set on U for every a ∈ A. S induces a fuzzy relation R S from E to U which is defined as: R S (a, x) = F(a)(x) if a ∈ A and R S (a, x) = 0 otherwise, for every a ∈ E and x ∈ U. Conversely, let R be a fuzzy relation from E to U. R induces a fuzzy soft set S R = (F, A) over U which is defined as:
for every a ∈ A, x ∈ U. It follows that there exists a one-to-one correspondence between the set of all fuzzy soft sets over U and the set of all fuzzy relations from E to U. By (3), fuzzy soft set may be considered as a special case of soft relation.
From above observations, we know that the intersection and union operations on fuzzy sets can be characterized by soft relations. In addition, fuzzy relation and soft fuzzy set may be considered as special cases of soft relation. For illustration, we consider the following example. 
Application of soft relations to information systems
In this section, we consider a typical example of information system given by Pawlak 34 to illustrate the application of soft relations to data analysis. 
Concluding remarks
Soft set theory was originally proposed as a general mathematical tool for dealing with uncertainties. Babitha and Sunil 30 initiated the study of soft set relations and soft set functions. This paper is devoted to a further discussion along this line. The notion of soft relation is proposed which is a generalization of the notion of soft set relation, and some related properties are surveyed. Furthermore, the connections between soft relations and the operations on fuzzy sets are analyzed. It is shown that fuzzy relations and fuzzy soft sets are special cases of soft relations.
In further research, we will consider fuzzy soft relations between fuzzy soft sets in a more general framework. It is expected that the fuzzy soft relations can be established based on fuzzy relations and operations on fuzzy sets. The t−norms and t−conorms based operations, proposed by Bustince and Burillo 36,37 , on fuzzy sets will play a central role in this study. Moreover, the topology generated by soft relation is also an important and interesting issue to be addressed.
